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$R$ ( ) ?
(Height)
$R$ $\alpha=x(\mathrm{m}\mathrm{o}\mathrm{d} P(x))$ $(\alpha)$
\sim




[ $\{0, 1, \ldots, |p_{0}|-1\}$ 1 ?
. $P(x)$
$P(x)$ $R$ $\xi$ $\{0, 1, \ldots, |p_{0}|-1\}$
$\xi=.\sum_{1=0}^{M}a:x^{:}$ $(\mathrm{m}\mathrm{o}\mathrm{d} P(x))$ $=. \sum_{1=0}^{M}a:\alpha^{:}$ (1)
$a_{0}$
$\xi$ $\alpha$ $\{0, 1, \ldots, |n|-1\}$
$a_{1}$
($\xi$ ) $/\alpha$ $\alpha$
$T:Rarrow R$ $T(\xi)=$ ($\xi$ ) $/\alpha$ $\overline{\xi}=\xi(\mathrm{m}\mathrm{o}\mathrm{d} \alpha)$
$a_{0}\equiv\tau(\overline{\xi})(\mathrm{m}\mathrm{o}\mathrm{d} p_{0})$ (1) $T$
$T( \xi)\equiv.\sum_{1=0}^{d-1}(a:+1-p:+1[\frac{a_{0}}{m}])x^{:}$ $(\mathrm{m}\mathrm{o}\mathrm{d} P(x))$
$a_{d}=0$
Proposition 2.1 ([5], [12]). $P(x)$ $\xi\in R$
$\xi,T(\xi),T^{2}(\xi),$
$\ldots$
$M,$ $L$ $n\geq M$ $T^{n}(\xi)=T^{n+L}(\xi)$
$\mathcal{P}$ $T$ $\xi\in R$











[13], [14], [9] 3
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Theorem 3.1 ([8], [5]). $R$ $K$ 3
$P(x)$
(i) $\overline{0},\overline{1}$, $\in K$





$K$ ‘ 1 (set of wittiness)’
$\bullet$ $K_{1}=\{\overline{0}, \overline{1},\overline{-1}\}$ $n=2$
$\bullet$ $K_{n}=K_{n-1}\cup T(K_{n-1})\cup T^{*}(K_{n-1})$
$K_{n}=K_{n-1}$ $n$
$n+1$









J.Thuswaldner K. Scheicher $\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\acute{\acute{\mathrm{o}}}$
[3] ([19])
(Wuhan Univ) 2 (Rao Hui)
([5])
Theorem 3.2. $P(x)= \sum_{1=0}^{d}.p:x^{:}$
















Proof of Theorem 3.1. $K$ $\mathbb{Z}[\alpha]$ (1)
$a\in \mathbb{Z}[\alpha]$ (1)
$m$ $T^{m}(a)=0$ $x$ (1)
$y\in K$ $x+y$ (1) $K$ (i)
$\mathbb{Z}[\alpha]$ (1) $a,$ $b$








$T^{k_{\mathrm{j}}}$ ? $T$ $T^{*}$ $K$ (ii) $K$






$R$ \sim $\{1, \alpha, \alpha^{2}, \ldots, \alpha^{d-1}\}$
3




$(\begin{array}{l}w_{1}w_{2}w_{3}\vdots w_{d}\end{array})=(\begin{array}{llllll}p_{d} 0 0p_{d-1} p_{d} 0 0p_{d-2} p_{d-\mathrm{l}} p_{d} 0 0p_{1} n p_{3} \vdots p_{d-1} p_{d}\end{array})(\begin{array}{l}\mathrm{l}\alpha\alpha^{2}...\alpha^{d-1}\end{array})$.
$\{w_{1}, w_{2}, \ldots, w_{d}\}$ [8], [3], [19]
[9] ‘Clearing Algorithm’ $\iota$ : $\mathbb{Z}^{d}arrow R$
$\iota(z_{1}, z_{2}, \ldots, z_{d})=\sum_{1=1}^{d}.z:w$: $\sigma$ : $\mathbb{Z}^{d}arrow \mathbb{Z}^{d}$










(3) $z:(i=1, \ldots, d)$ 1 $z_{d+1}$
$K= \{\sum_{\dot{l}=1}^{d}z_{1}.w:||z:|\leq 1\}$ Theorem
3.1 (i)(ii)
Theorem 4.1. (3)






Theorem 42. $P(x)$ (3) $p_{k}$
$P(x)$




[14] [9] 4 $P(x)=x^{2}+p_{1}x+p_{0}$
$-1\leq p_{1}\leq p_{0}$ , $p_{0}\geq 2$
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Theorem 5.2. $P(x)=x^{3}+p_{2}x^{2}+p_{1}x+p_{0}$ $p_{0}>1+|p_{2}|+|p_{1}|$
$P(x)$
$p_{2}\geq 0$ $1+n+p_{1}\geq 0$













$p_{3}<0,p_{1}+p_{4}<0\Rightarrow p_{4}\geq 0,p_{4}+p_{3}\geq 0$
$\mathrm{A}.\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\acute{\acute{\mathrm{o}}}$
Conjecture 5.1. $P(x)$ $1+P(x)$
170
$p_{0}$
Theorem 55. Petho” $f$
$P(x)=x^{3}+p_{2}x^{2}+p_{1}x+p_{0}$
$p_{2}\geq 0$ $1+p_{2}+p_{1}\geq 0$ $p_{0}\geq f(p_{2},p_{1})$ 7)








$p_{0}$ $\geq$ $f(p_{3},p_{2}$ ,p
$P(x)$ $n$ $n+P(x)$
$n$ $n+P(x)$








[1] S. Akiyama, On the boundary of the tiling generated by Pisot numbers, to
appear in Journal of Math. Soc. Japan 54 (2002).
[2] S. Akiyama and J.M.Thuswaldner, Topological properties of twO-dimensional
number systems, Journal de Th\’eorie des Nombres de Bordeaux 12 (2000)
69-79.
171
[3] S. Akiyama and A. $\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\ovalbox{\tt\small REJECT}$ , On canonical number systems, Theoretical Com-
puter Science 270 (2002) 921-933.
[4] S. Akiyama and $\mathrm{J}.\mathrm{M}$ . Thuswaldner, On the topological structure of fractal
tilings generated by quadratic number systems, submitted.
[5] S. Akiyama and H. Rao, New criteria for canonical number systems, submit-
$\mathrm{t}\mathrm{e}\mathrm{d}$ .
[6] S. Akiyama, H. Brunotte and A. Pethoe, Cubic CNS Polynomials, notes on
aconjecture of W.J.Gilbert, submitted.
[7] , , 1160 (2000)
237-245.
[8] H. Brunotte, On trinomial basis of Radix Representations of Algebraic Inte-
gers. Acta Sci. Math. (Szeged) 67 (2001) 521-527.
[9] W.J.Gilbert, Radix representations of quadratic number fields, J. Math. Anal.
Appl. 83 (1981) 263-274.
[10] M. Hollander, Linear Numeration systems, Finite Beta Expansions, and Dis-
crete Spectrum of Substitution Dynamical Systems, Doctorial thesis for Wash-
ington Univ.
[11] I. K\’atai and J. Szab6, Canonical number systems for complex integers, Acta
Sci. Math. (Szeged) 37 (1975) 255-260.
[12] I. K\’atai and I. $\mathrm{K}\acute{\acute{\mathrm{o}}}\mathrm{r}\mathrm{n}\mathrm{y}\mathrm{e}\mathrm{i}$, On number systems in algebraic number fields, Publ.
Math. Debrecen 41 no. 3-4 (1992) 289-294.
[13] I. K\’atai and B. Kov\’acs, Canonical number systems in imaginary quadratic
fields, Acta Math. Hungar. 37 (1981) 159-164.
[14] I. K\’atai and B. Kovis, Kanonische Zahlensysteme in der Theorie der
quadratischen Zahlen, Acta Sci. Math. (Szeged) 42 (1980) 99-107.
[15] B. Kovis, Canonical number systems in algebraic number fields, Acta Math.
Acad. Sci. Hungar. 37 (1981), 405-407.
[16] B. Kovis and A. $\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\acute{\acute{\mathrm{o}}}$ , Number systems in integral domains, especially in
orders of algebraic number fields, Acta Sci. Math. Szeged, 55 (1991) 287-299.
172
[17] A. $\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\acute{\acute{\mathrm{o}}}$ , On apolynomial transformation and its application to the construc-
tion of apublic key cryptosystem, Computational Number Theory, Proc.,
Walter de Gruyter Publ. Comp. Eds .: A. $\mathrm{P}\mathrm{e}\mathrm{t}\mathrm{h}\acute{\acute{\mathrm{o}}}$ , M. Pohst, $\mathrm{H}.\mathrm{G}$ . Zimmer and
$\mathrm{H}.\mathrm{C}$ . Williams, 1991, $\mathrm{p}\mathrm{p}$ 31-44.
[18] K. Scheicher, Kanonische Ziffernsysteme und Automaten, Grazer Math. Ber.,
333 (1997), 1-17.
[19] K. Scheicher and J.M.Thuswaldner, On the characterization of Canonical
number system, submitted.
[20] J.M.Thuswaldner, Elementary properties of canonical number systems in
quadratic fields, in: Applications of Fibonacci numbers Vol. 7, (Graz, 1996),
405-414, Kluwer Acad. Publ., Dordrecht, 1998.
Shigeki AKIYAMA
2 8050
$\mathrm{e}$-mail:akiyama@math.sc.niigata-u .ac.jp
173
